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Abstract. Nonlinearities have been shown to play an important role in increasing the extracted energy of
energy harvesting devices at the macro and micro scales. Vibration-based energy harvesting on the nano scale
has also received attention. In this paper, we characterize the nonlinear dynamical behavior of an array of three
coupled strained nanostructured graphene for its potential use in energy harvesting applications. The array is
formed by three compressed vibrating membrane graphene sheet subject to external vibrational noise excitation.
We present the continuous time dynamical model of the system in the form of a double-well three degree of
freedom system. Random vibrations are considered as the main ambient energy source for the system and its
performances in terms of the probability density function, RMS or amplitude value of the position, FFT spectra
and state plane trajectories are presented in the steady state non-equilibrium regime when the noise level is
considered as a control parameter.
1 Introduction
Energy harvesting can be performed both at the macro [1],
micro [3] and even at nano scales [2]. Unfortunately, most
of the available power sources have very low frequency os-
cillations while the resonant frequency of any nano-mechanical
device is paradoxically high (∝GHz) which make many is-
sues related to their performances as energy harvesters yet
to be solved, particularly that of extracting energy at low
frequencies. Nonlinearities in energy harvesting nano de-
vices may play a vital role to solve these issues. Recent
works have used nano devices such as piezoelectric Zinc
Oxide (ZnO) nanowires [4] where mechanical energy com-
ing from light wind and body movement was converted to
electrical energy by a coupled piezoelectric-semiconductor
process. Graphene is a newly discovered nano material that
has interesting peculiar electronic and mechanical proper-
ties making it a promising candidate for future electronic
applications [5]. In [6] it has been shown that a strained
nanostructured graphene posses an intrinsic mechanical non-
linearity and it can be used for nonlinear energy harvesting
at the nanoscale. There, it has been also shown that that
when weakly compressed, the graphene sheet behaves like
a double-well system and that for a critical value of the
compression ratio, the harvested power is optimal.
The aim of this paper is to study the nonlinear dynamic
behavior of such a device for possible use in energy har-
vesting applications. To accomplish this aim, the rest of the
paper is organized as follows. In Section II, a brief descrip-
tion of the mathematical model of the graphene harvester
is provided. Section III presents the dynamical behavior of
the device in the absence of any external excitation. Equi-
librium points and their stability are studied in the same
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section. In Section IV, the performances of the system un-
der the random excitation are studied in terms of RMS lev-
els. Finally, conclusions are provided in the last section.
2 Mathematical model of the graphene
vibrating membrane for energy harvesting
applications
2.1 Nonlinear mathematical model
We consider three ﬂat suspended graphene sheets with a
compression ratio deﬁned as ε = (L0 − L)/L0, where L
is the length of each graphene sheet and L0 their equilib-
rium value in absence of any compression (Figure 1). Let
us consider diﬀerent values of the compression ratio ε be-
tween 0% (uncompressed graphene) and 10%.
Fig. 1. Uncompressed or weakly compressed graphene mem-
brane [6].
Let ξ(t) = σ2η(t), where η(t) is a white noise excitation
with a Gaussian distribution noise whose mean value is
zero, its variance is σ2. By developing the Euler-Bernoulli
equation for clamped beams, the following mass-spring
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Table 1. Coeﬃcients vi (i = 2, 4, 6, 8) for the potential energy for
diﬀerent values of the compression ratio ε.
ε v8/56 v6/30 v4/12 v2/2
0 6.57 · 1050 −5.73 · 1033 6.74 · 1016 0.0096
0.025 1.30 · 1051 −1.36 · 1034 9.26 · 1016 −0.036
0.05 2.56 · 1051 −2.29 · 1034 1.14 · 1017 −0.078
0.075 2.76 · 1051 −2.34 · 1034 1.16 · 1017 −0.112
0.1 3.89 · 1051 −3.43 · 1034 1.49 · 1017 −0.165
dynamic model is obtained for the considered coupled graphene
membranes [6]
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where xi, i = 1, 2, 3 are the displacements for the coupled
graphene membranes, m represents the eﬀective mass of
each of the layers and b stands for their damping factor.
It should be noted that for simplicity it is assumed that all
the membranes are identic, i.e, they have the same mass
and the same damping coeﬃcient. The potential energy is
given by [6]
V(x) =
1
56
v8x8 +
1
30
v6x6 +
1
12
v4x4 +
1
2
v2x2 (5)
The coeﬃcients vi (i = 2, 4, 6, 8) are given in Table 1 for
diﬀerent values of compression coeﬃcient ε. These values
have been obtained by means of ab initio density-functional
calculations with the SIESTA code [6], [7] where the graphene
sheet is modeled at a fully atomistic level and its electronic
structure solved quantum mechanically. Figure 2 shows the
plot of V(x) in terms of the position x.
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Fig. 2. Potential V(x) for diﬀerent values of the compression fac-
tor ε. For ε  0, equilibrium points are also plotted. E+ and E−
are attractors while E0 is a saddle point. The
1
s
1
s
∂V
∂x
1
m
b
−
+
− x1v1
ξ(t)
Vibration force
Damping factor
Mass
DisplacementVelocityAcceleration
1
s
1
s
1
m
b
−
−
x2v2
−+∂V
∂x
1
s
1
s
1
m
b
−
−
x3v3
Velocity
−+∂V
∂x
−
1
s
1
s
1
m
b
−
−
x4v4
Velocity
−+∂V
∂x
Fig. 3. Simulink block diagram of four coupled graphene mem-
branes.
3 Dynamical behavior from numerical
simulations
3.1 Dynamics of a single graphene membrane
The nonlinear dynamics of a single graphene membrane
has been studied in [6] and [8]. We resume here the results
for comparison with the coupled graphene membranes. Let
also consider a compressed graphene with compression co-
eﬃcient ε = 0.1 in such a way that the origin is a sad-
dle point (non stable). The nonlinear model of the system
is numerically solved. A Matlab-simulink model was built
for the system equation modeling the graphene nano har-
vester device according to its mathematical model (Fig. 3).
A random excitation with a normal distribution and a max-
imum bandwidth ωbw is considered as a main input of the
system.
When such noise is applied to the system, the probabil-
ity to swing between the two equilibrium point increases.
Consequently noise can be used to increase the RMS value
of the displacement and accordingly to raise the harvested
energy. Let us also consider a compressed graphene sheet
with compression coeﬃcient ε  0 in such a way that the
origin is a saddle point (non stable). For some speciﬁc val-
ues of noise level, the system was simulated during 500 ns
and the time-series, phase space, probability density, and
amplitude spectra are plotted. Figures 4-5 show the dy-
namics of the system for diﬀerent values of noise level.
The following particular cases are plotted in these ﬁgures
– σ2 = 1 pN, the noise intensity is weak and the system
evolves to the vicinity of one of the stable equilibrium
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Fig. 4. Dynamics of the graphene membrane under a random ex-
citation σ2 = 1 pN (red), σ2 = 50.5 pN (green) and σ2 = 100 pN
(black).
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Fig. 5. Spectrum and probability density function corresponding
to Fig. 4. Note that the spectrum is spread down to low frequency
regions when the noise intensity is suﬃciently large so that the
potential barrier can be crossed.
points X− or X+ depending on the initial conditions.
The probability to swing between the two equilibria is
almost zero. The vicinities of X− and X+ correspond to
the unique set with non-zero values of the probability
density function. The energy of the system is concen-
trated in a limited range of frequency near the resonant
frequency (≈ 50 GHz).
– σ2 = 50.5 pN, the noise intensity is suﬃcient to make
the system to leave the vicinity of the stable equilib-
rium points X− or X+ which makes the system to swing
between them. The range within which the displace-
ment includes the interval (X−, X+). The equilibria X−
and X+ correspond to the maximum of the probability
density function.
– σ2 = 100 pN, the noise intensity is in such a way that
the probability of swinging between the stable equilib-
rium points X− or X+ is larger and the system presents
larger velocities and displacements and therefore the
harvested energy will also be larger.
3.2 Dynamics of the coupled membranes
In this section, only two values of noise intensity are con-
sidered, namely σ2 = 1 pN and σ2 = 50 pN, and diﬀer-
ent diagrams in the form of times series, state planes, FFT
spectra and probability density function of the displace-
ment are obtained as for the single membrane case.
Figure 6 shows the time domain waveforms of the sys-
tem. For low values of noise intensity the system stays
in the vicinity of the equilibrium point. For low values of
noise intensity the system stays in the vicinity of the equi-
librium point.
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Fig. 6. Time domain waveforms of the displacements xi and ve-
locities vi, (i = 1..4) corresponding to the four graphene mem-
branes for two values of noise intensities.
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Fig. 7. The state space in the planes (xi, vi), (i = 1..4) correspond-
ing to the four graphene membranes for two values of noise in-
tensities.
Figure 7 shows the projection of the state plane time of
the system in the planes (xi, vi), (i = 1..4) corresponding
to each graphene membrane. For relatively high values of
noise intensity, the trajectory can only evolve to an equi-
librium point being the ambient vibration in this case not
suﬃcient to make the system to oscillate between the two
regions. When the noise intensity increases, as in the case
of the single membrane, the system trajectory visits more
the diﬀerent equilibrium points and larger oscillation am-
plitude can be reached. All the four membranes are char-
acterized by the same dynamics.
Figure 8 depicts the FFT spectra of the displacement
corresponding to each graphene membrane. While a clear
single resonant frequency can be observed for the low in-
tensity noise case, the spectrum corresponding to a rela-
tively high value of noise intensity is spread a broad range
of frequencies. This occurs for all the membranes.
Figure 9 shows the probability density functions cal-
culated for the diﬀerent displacements of the membranes.
For low values of noise intensity the probability of ﬁnding
the system in the vicinity of one of its equilibrium points is
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Fig. 8. FFT spectra of the displacements xi(i = 1..4) correspond-
ing to the four graphene membranes for two values of noise in-
tensities.
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Fig. 9. Probability density function of the displacements xi(i =
1..4) for two values of noise intensities. For reference, the proba-
bility density of the noise driving signal is also plotted
practically one. For relatively high values of noise intensity
the probability to visit a wider region increases being the
maximum probability that corresponding to the vicinity of
the equilibrium points.
Conclusions
In this paper we have considered the nonlinear dynam-
ics of four identical coupled nanostructured graphene vi-
brating membranes for ambient energy applications at the
nanoscale. The compressed graphen present a nonlinearity
that has been shown to play an important role in increasing
the eﬃciency of this energy harvesting device by increas-
ing the RMS values of the displacement and the veloc-
ity. We presented a continuous-time nonlinear dynamical
model of the coupled system. When random vibrations are
considered as the main ambient energy source for the sys-
tem, the performances of the system as an energy harvester
are presented in the steady state non-equilibrium regime
when the noise level for a certain value of the compression
ratio.
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